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1. Introduction and statement of the result
In this paper, we are interested in the existence of solutions for the
following 2-dimensional Dirichlet problem:−1u = ρ2(eu+ eγu) in Ω ⊂C,u = 0 on ∂Ω,(1)
where u :Ω→R and where γ ∈ (0,7/8).
More precisely, we are interested in the behaviour of the set of
solutions as the parameter ρ tends to 0. The purpose of this paper is to
extend the results of [3] which hold when eu is not perturbed to more
general case.
The additional term eγu yields the possibility of better steady state
models for physical phenomena having exponential nonlinearities, spe-
cially nonlinear diffusion processes (e.g., chemical reactors [1]; also
see [6] for others possible applications).
When the parameter ρ tends to 0, the asymptotic behaviour of solutions
of (1) is understood thanks to the work of K. Nagasaki and T. Suzuki [7]
and recently by D. Ye in [10]. Before stating their results, we introduce
some notations:
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Through all this paper, the Green’s function G(z, z′), defined over
Ω ×Ω , is given to be the solution of−1zG(z, z′) = 8piδz=z′ in Ω,G(z, z′) = 0 on ∂Ω,
and we will denote by H(z, z′)=G(z, z′)+ 4 log |z− z′| the regular part
of Green’s function. Naturally, 1z denotes the Laplacian with respect to
the z variable
1z = 4∂z∂z¯.
Since we adopt complex notations, it will be convenient to define, for all
z, z′ ∈C
2z · z′ ≡ zz¯′ + z¯z′.
Given the special type of nonlinearity we deal with, the result proved
in [7] and [10] can be stated as follows:
THEOREM 1 ([7,10]). – Let Ω be an open bounded subset of C and
ρ > 0. And let uρ , be a sequence of solutions of−1u = ρ2(eu + eγu) in Ω,u = 0 on ∂Ω,(2)
for γ ∈ (0,1). Assume that, as ρ tends to 0, the sequence uρ converges to
some nontrivial function u∗. Then, the limit function u∗ satisfies−1u∗ =
∑K
j=1 8piδzj in Ω,
u∗ = 0 on ∂Ω.(3)
In addition, the point (z1, . . . , zK) ∈CK is a critical point of the function
Ψ : (z1, . . . , zK) ∈ CK→
K∑
j=1
H(zj, zj )+
∑
j 6=l
G(zj , zl).(4)
We will deal with the converse question, namely given (z1, . . . , zK) ∈
CK a critical point of the function Ψ defined in (4) and given u∗ the
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solution of (3), does there exist a sequence uρ of solutions of (2) which
converges to the function u∗ as ρ tends to 0? In the case where Ω is a
simply connected domain, K = 1, V.H. Weston in [9] when γ = 1 and
J.L. Moseley in [5] when γ = −1 have given a positive answer to this
question. Recently in collaboration with F. Pacard [3], when γ = 1, we
have introduced a new technique which allows to construct a sequence
uρ which converges to some harmonic map except finitely many points
when ρ tends to 0. Later on [2], the author have extended this result to
the case where 0< γ < 3/4. Therefore, in the following, we will assume
that γ ∈ [3/4,7/8).
More precisely our main result reads:
THEOREM 2. – Let Ω be a regular open bounded subset of C, let
z1, . . . , zK ∈ Ω be given points. Assume that, the point (z1, . . . , zK) is
a nondegenerate critical point of the function Ψ , which is defined in (4).
Then, there exists a one parameter family of solutions uρ of (1), which
converges to u∗, the solution of (3), when ρ tends to 0.
Moreover, we can extend the result of Theorem 2 to the following type
of equations: −1u = ρ2(eu + heγu) in Ω ⊂C,u = 0 on ∂Ω,(5)
where h is C1(Ω) ∩ C(Ω), if we assume that each zj , 1 6 j 6K , is a
critical point of h.
Given the fact that the proof of the result is very technical we shall
restrict our attention to one point blow up solutions. The case where
there might be many blow up points can be treated similarly though
the computations are much more involved. We shall only sketch the
differences between the two proofs in the Appendix.
2. A familly of explicite solutions on C
Here, we will describe the solutions of
−1u= ρ2eu on C,(6)
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which we will need later on. It is known since J. Liouville [4], that such
solutions can be described explicitly as follows:
THEOREM 3 ([4]). – Given any holomorphic function F , if u is de-
fined by
ρ2eu(z) = 8|F
′(z)|2
(1+ |F(z)|2)2 .
Then, u is a solution of −1u= ρ2eu.
We refer to [8] for a proof of this result. Introducing the scaling parameter
ε > 0 and setting
ρ2 = 8ε
2
(ε2 + 1)2 .(7)
Note that (6) is invariant under the group of transformation u(z)→
u(τz)+ 2 log τ for all τ > 0. Let τ > 0 and β ∈ C, we define
uε,τ : z→ 2 log (1+ ε2)− 2 log (ε2 + τ 2|z|2)+ 2 log τ.
As a particular case, we may take F(z) = τ z
ε
(1 + βz2), and we will
denote by
uε,τ,β : z→ 2 log (1+ ε2)− 2 log (ε2 + τ 2|z|2∣∣1+ βz2∣∣)
+ 2 log τ + 2 log ∣∣1+ 3βz2∣∣.
which is a solution of (6).
3. Construction of approximate solutions
From now on we will assume that Ω ⊂C is some given open bounded
set and we will assume that z1 ∈Ω is a nondegenerate critical point of the
function Ψ : z→H(z, z). Without loss of the generality, we will suppose
that B2(z1)⊂Ω . Let χ be a regular radial positive function bounded by 1
and defined in C such that χ(z)≡ 1 in B1(0) and suppχ(z)⊂ B2(0). We
denote by r0 = ε2/5, using the solution uε,τ,β of−1u= ρ2eu, we describe
the construction of a 3-dimensional family of approximate solutions
for (1).
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In order to proceed further with the construction, it is convenient to
define, τ 01 ∈R by
−2 log τ 01 ≡ Ψ (z1)=H(z1, z1)(8)
and β01 ∈C by
β01 ≡
1
2
∂2z Ψ (z1)=
1
2
∂2zH(z1, z1).(9)
Let τ1 > 0 and a1 ∈C be given. We set
u¯ε(τ1, a1, z)≡ χ((z− z1 − a1)/r0)uε,τ1+τ 01 ,β01 (z− z1 − a1)
+ (1− χ((z− z1 − a1)/r0))G(z, z1+ a1).(10)
If we take our approximate solution to be u¯ε(τ1, a1, ·), then it is easy
to see that we have the desired estimates which will be obtained in
section 6 only if 0 < γ < 3/4. (For more details see [2].) As we
want our construction to hold for γ ∈ [3/4,7/8) we have to modify
our approximate solution and find some function vε(τ1, a1, ·) such that
u˜ε(τ1, a1, z)= u¯ε(τ1, a1, z)+vε(τ1, a1, z) is a better approximate solution
of 1u˜ε(τ1, a1, z)+ ρ2(eu˜ε(τ1,a1,z) + eγ u˜ε(τ1,a1,z))= 0.
Let vε,τ1 the solution of1vε,τ1 + ρ2e
u
ε,τ1+τ01 vε,τ1 = −ρ2e
γu
ε,τ1+τ01 ,β
0
1 = f1 in B2(0),
vε,τ1 = 0 on ∂B2(0).
(11)
We define the approximate solution u˜ε(τ1, a1, z) by
u˜ε(τ1, a1, z)= u¯ε(τ1, a1, z)+ vε(τ1, a1, z)(12)
where vε(τ1, a1, z)= χ(z− z1 − a1)vε,τ1(z− z1 − a1).
4. Known results
For a convenience of the reader, we will recall in this section some
results proved in [3]. We define weighted Hölder spaces appropriate for
this problem. We set
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|u|k,α,[σ,2σ ] = sup
|z|∈[σ,2σ ]
( k∑
j=0
σ j
∣∣∇j u(z)∣∣)
+ σ k+α sup
|x|,|y|∈[σ,2σ ]
( |∇ku(x)−∇ku(y)|
|x − y|α
)
.
DEFINITION 1. – For any ν ∈R, the space Ck,αν (B1(0)\ {0}) is defined
to be the collection of all u ∈ Ck,α(B1(0) \ {0}) for which the norm
‖u‖k,α,ν ≡ sup
σ61/2
σ−ν|u|k,α,[σ,2σ ],
is bounded.
For any w :Ω→R we define the linear operators
Lε,τw =−1w− ρ2euε,τ w
and
Lε,τ,βw=−1w− ρ2euε,τ,βw.
The following result is the key of our analysis:
PROPOSITION 1 ([3]). – For all ν ∈ (1,2) and all τ > 0, there
exists two continuous linear forms H 0ε,τ (·) (resp. H 1ε,τ (·)) defined from
C0,αν−2(B1(0) \ {0}) into R (resp. C) such that for all f ∈ C0,αν−2(B1(0) \ {0})Lε,τw = f in B1(0),w = 0 on ∂B1(0),(13)
can be uniquely decomposed as
w(z)=Gε,τ (f )(z)+H 0ε,τ (f )φ0
(τ
ε
z
)
+ 2H 1ε,τ (f ) ·
τ
ε
φ1
(τ
ε
z
)
,
where
φ0(z)= 1− |z|
2
1+ |z|2 and φ1(z)=
2z
1+ |z|2 .
In addition, the following properties hold:
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• Assume that 1<µ< 2, then the linear operator Gε,τ is well defined
from the space C0,αµ−2(B1(0) \ {0}) into the space C2,αµ (B1(0) \ {0})
and stays bounded independently of ε ∈ (0,1).
• Assume that −2<µ< 2, then the restriction of Gε,τ to the space of
functions spanned by {e±inθh±n(r)/n > 1} is well defined from the
space C0,αµ−2(B1(0) \ {0}) into the space C2,αµ (B1(0) \ {0}).
• Assume that µ > 0, then the linear form H 0ε,τ (·) is well defined in
C0,αµ−2(B1(0) \ {0}) and bounded independently of ε ∈ (0, τ/2).
• Assume that µ > 1, then the linear form H 1ε,τ (·) is well defined in
C0,αµ−2(B1(0) \ {0}) and bounded independently of ε ∈ (0,1).
We have a similar result for the operator Lε,τ,β :
PROPOSITION 2 ([3]). – For all ν ∈ (1,2), all τ > 0 and all β ∈ C
with |β| 6= 1, there exists two continuous linear forms H 0ε,τ,β(·) (resp.
H 1ε,τ,β(·)) defined from C0,αν−2(B1(0) \ {0}) into R (resp. C) such that the
solution w of Lε,τ,βw = f in B1(0),w = 0 on ∂B1(0),(14)
can be uniquely decomposed as
w(z)=Gε,τ,β(f )(z)+H 0ε,τ,β(f )∂τuε,τ,β(z)+ 2H 1ε,τ,β(f ) · ∂z¯uε,τ,β .
In addition, the following properties hold:
• The linear operator Gε,τ,β is well defined from the space
C0,αν−2(B1(0)\{0}) into the space C2,αν (B1(0)\{0}) and stays bounded
independently of ε ∈ (0,1).
• The linear forms H 0ε,τ,β(·) and H 1ε,τ,β(·) are well defined in
C0,αν−2(B1(0) \ {0}) and bounded independently of ε ∈ (0,1).
As a corollary of the previous proposition, we obtain by a perturbation
argument:
COROLLARY 1 ([3]). – Under the assumptions of Propositions 1
and 2, there exists some constant c > 0 (independent of f ) such that∥∥Gε,τ,β(f )∥∥2,α,ν 6 c(∥∥Gε,τ (f )∥∥2,α,ν + ε2∣∣H 0ε,τ (f )∣∣+ ∣∣H 1ε,τ (f )∣∣),∣∣H 0ε,τ,β(f )∣∣6 c(ε2∥∥Gε,τ (f )∥∥2,α,ν + ∣∣H 0ε,τ (f )∣∣+ ε2∣∣H 1ε,τ (f )∣∣),
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and ∣∣H 1ε,τ,β(f )∣∣6 c(ε2∥∥Gε,τ (f )∥∥2,α,ν + ε2∣∣H 0ε,τ (f )∣∣+ ∣∣H 1ε,τ (f )∣∣).
Moreover∥∥∂rGε,τ,β(f )|∂B1∥∥1,α 6 c(∥∥∂rGε,τ (f )|∂B1∥∥2,α + ε2∥∥Gε,τ (f )∥∥2,α,ν
+ ε2∣∣H 0ε,τ (f )∣∣+ ∣∣H 1ε,τ (f )∣∣).
We can now define the linearized operators we will deal with in the
subsequent sections. For any function w :Ω → R, we define the linear
operator Lε by
Lεw =−1w− Vεw,(15)
where we set
Vε(z)= ρ2euε,τ01 ,β01 (z−z1)χ(z− z1).
We emphasize here that this operator is not exactly the linearized operator
of the nonlinear operator 1u + ρ2eu near the approximate solution
u¯ε(0,0, ·), but its study is much easier. In order to deal with the general
problem, we shall now define, modeled over the previously defined
spaces, some weighted Hölder space on Ω . First choose a function d
which is positive and smooth in Ω \ {z1} and which is equal to dist(z, z1)
for z sufficiently close to z1. We set
|u|k,α,[σ,2σ ] = sup
d(z)∈[σ,2σ ]
(
k∑
j=0
σ j
∣∣∇ju(z)∣∣)
+ σ k+α sup
d(x),d(y)∈[σ,2σ ]
( |∇ku(x)−∇ku(y)|
|x − y|α
)
.
DEFINITION 2. – For any ν ∈R, the space Ck,αν (Ω \ {z1}) is defined to
be the collection of all u ∈ Ck,α(Ω \ {z1}) for which the norm
‖u‖k,α,ν ≡ sup
σ6diam(Ω)/2
σ−ν|u|k,α,[σ,2σ ],
is bounded. Moreover, we define
Ck,αν,D
(
Ω \ {z1})= {u ∈ Ck,αν (Ω \ {z1}); u= 0 on ∂Ω}.
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The aim of this section is to study the behaviour of the inverse of
Lε when ε tends to 0. A precise statement of our result is given in the
following theorem:
THEOREM 4 ([3]). – Assume that 1< ν < 2 is given. Then, there exist
ε0 > 0 and 2-continuous linear forms H0ε(·) (resp. H1ε(·)) (depending on
ν, τ 01 and β01 ) defined from C0,αν−2(Ω \Σ) into R (resp. C) such thatLεw = f in Ω,w = 0 on ∂Ω,(16)
can be uniquely decomposed as
w(z)= Gε(f )(z)+ χ(z− z1)
× (H0ε(f )∂τuε,τ 01 ,β01 (z− z1)+ 2H1ε(f ) · ∂z¯uε,τ 01 ,β01 (z− z1)).(17)
In addition:
• The operator Gε is well defined from the space C0,αν−2(Ω \ {z1}) into
the space C2,αν (Ω \ {z1}) and is bounded, independently of ε6 ε0.• The linear forms H0ε(·) and H1ε(·) are well defined in the space
C0,αν−2(Ω \ {z1}) and are bounded, independently of ε 6 ε0.
Remark 1. – The only bounded solutions in C of
Lε,τ 01 ,β
0
1
w=1w+ ρ2euε,τ01 ,β01w= 0
are ∂τuε,τ 01 ,β
0
1
(z − z1), ∂z¯uε,τ 01 ,β01 (z − z1) and ∂zuε,τ 01 ,β01 (z − z1). The
solution ∂τuε,τ 01 ,β01 (z− z1) corresponds to the invariance of the (6) under
the one parameter group of transformations u(z)→ u(εz)+ 2 logε. Also
∂zuε,τ 01 ,β
0
1
(z−z1) and ∂z¯uε,τ 01 ,β01 (z−z1) correspond to the invariance of the
same equation under the group of translations in C. By the choice of ν,
∂τuε,τ 01 ,β
0
1
(z−z1), ∂zuε,τ 01 ,β01 (z−z1) and ∂z¯uε,τ 01 ,β01 (z−z1) /∈ C2,αν (Ω \{z1})
which give a justification of the decomposition (17). For more details
see (Theorem 4, [3]). Remark that for ν < 0 and ν /∈ Z the operator
Lε,τ 01 ,β
0
1
is well defined from the space C2,αν (Ω \ {z1}) into the space
C0,αν−2(Ω \ {z1}) and it is surjective but not injective. Since we want find
a regular perturbation of u˜ε(τ1, a1, ·) in 0, we will choose ν > 0 and
ν /∈ Z. Unfortunately, the operator Lε,τ 01 ,β01 defined from the same spaces
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is injective but not surjective. In order to overcome this difficulty, we will
add to the space C2,αν (Ω \ {z1}) a finite-dimensional space in such a way
that Lε,τ 01 ,β01 becomes surjective. For ν ∈ (0,1), we can inverse Lε,τ 01 ,β01
but the norm of the inverse tends to ∞ when ε tends to 0. If ν ∈ (1,2)
we have a control of the way that the inverse exploded. This is a brief
justification of the choice of ν.
5. Estimates of the vε,τ1(·) function
In the following, we will suppose that δ is close enough but larger
then 0. We need the following lemma:
LEMMA 1. – Let 0< δ < 2(1−γ ). Consider vε,τ1 the solution of (11),
then we have
vε,τ1(z)=Gε,τ+τ 01 (f1)(z)+H
0
ε,τ+τ 01 (f1)φ0
(
(τ 01 + τ1)z/ε
)
.
Moreover,∥∥Gε,τ+τ 01 (f1)∥∥2,α,δ + ∣∣H 0ε,τ+τ 01 (f1)∣∣6 c(δ)(τ1 + τ 01 )2(γ−1)ε4(1−γ )−δ(18)
and ∥∥∂τ1Gε,τ+τ 01 (f1)∥∥2,α,δ 6 c(δ)(τ1 + τ 01 )2(γ−1)ε4(1−γ )−2δ(19)
Proof. – First, we remark that the expansion of f1 over einθ contain
only terms like hp(r)e2ipθ . So vε,τ1(·) have the same decomposition as
f1. Also it is easy to see that vε,τ1(·) is a solution of (13) with f = f1.
Since the expansion of f1 over einθ does not contain any term like h(r)eiθ
nor like h(r)e−iθ , applying Proposition 1, we have
vε,τ1(z)=Gε,τ+τ 01 (f1)(z)+H
0
ε,τ+τ 01 (f1)φ0
(
(τ 01 + τ1)z/ε
)
and ∥∥Gε,τ+τ 01 (f1)∥∥2,α,δ + ∣∣H 0ε,τ+τ 01 (f1)∣∣6 c(δ)‖f1‖0,α,δ−2.
Now we will compute ‖f1‖0,α,δ−2. Denote by r = |z− z1|, since we have
δ < 2, we conclude that
‖f1‖0,α,δ−2 6 cε4(1−γ )−δ.
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Passing to the derivate on τ1 of the equation (11), we have
1(∂τ1vε,τ1)+ ρ2e
u
ε,τ1+τ01 (∂τ1vε,τ1)
=−ρ2γ ∂τ1uε,τ1+τ 01 ,β01e
γu
ε,τ1+τ01 ,β
0
1
−ρ2∂τ1uε,τ1+τ 01 e
ε,τ1+τ 01 vε,τ1 in B2(0)
∂τ1vε,τ1 = 0 on ∂B2(0).
(20)
Note that the right term over einθ does not contain any term like h(r)eiθ
nor like h(r)e−iθ . Using the same arguments as above we complete the
proof of this lemma. 2
6. Estimates
First, in all the following, we will assume that
1< ν < 8(1− γ )− 3δ.
In this section, we get a very sharp estimate of the error function ξ =
1u˜ε(0,0, ·) + ρ2eu˜ε(0,0,·) + ρ2eγ u˜ε(0,0,·). We recall the following result
of [3]:
PROPOSITION 3 ([3]). – Assume that τ 01 > 0 and β01 are given by (25)
and by (26), and assume that the point z1 is a critical point of (4), then
the following estimates hold for all r ∈ (r0,1)
uε,τ 01 ,β
0
1
(
reiθ
)−G(z1 + reiθ , z1)=O(ε2r−2 + r4)⊥1 +O(r3)⊥0,1
and
∂ruε,τ 01 β
0
1
(
reiθ
)− ∂rG(z1 + reiθ , z1)=O(ε2r−3 + r3)⊥1 +O(r2)⊥0,1,
where O(ε2r−2 + r4)⊥1 (resp. O(r3)⊥0,1) means that this quantity is a
O(ε2r−2 + r4) (resp. O(r3)) and also that the expansion of this quantity
over einθ does not contain any term like h(r)eiθ nor like h(r)e−iθ (resp.
like h(r), h(r)eiθ nor like h(r)e−iθ ).
BULLETIN DES SCIENCES MATHÉMATIQUES
266 S. BARAKET
Thanks to the previous proposition, we can derive a sharp estimate
for the preimage of the error function by Lε. This is the purpose of the
following proposition:
PROPOSITION 4. – There exists ε0 > 0 such that, if the parameters τ 01
and β01 are chosen as in (25) and (26), and if the point z1 is a critical
point of (4), then there exists c > 0, such that for all ε6 ε0, we have
∥∥Gε(ξ)∥∥2,α,ν 6

cε2r−2−ν0 if 3/46 γ < 31/40,
cε8(1−γ )−2δ−ν if 31/406 γ < 7/8.∣∣H0ε(ξ)∣∣+ ∣∣H1ε(ξ)∣∣6 cε4(1−γ )−δ.
Proof. – First, we write
ρ2e
u
ε,τ01+τ1,β
0
1
(z) = ρ2euε,τ01+τ1 (z)+ Vres,τ1(z)(21)
where
Vres,τ1(z)=O
(
ε2|z|2
(ε2 + (τ 01 )2|z|2)2
)
⊥0,1
and O( ε2|z|2
(ε2+(τ 01 )2|z|2)2
)⊥0,1 means that this quantity is a O( ε
2|z|2
(ε2+(τ 01 )2|z|2)2
) and
also that the expansion of this quantity over einθ does not contain any
term like h(r), h(r)eiθ nor like h(r)e−iθ . We decompose in B1(z1)
ξ(z)= ξ0(|z− z1|)+ 2 ∞∑
n=1
ξn
(|z− z1|) · e−inθ .
It is easy to see that in Br0(z1), we have ξ 11 (|z− z1|)= 0, since
ξ(z)= ρ2euε,τ01 ,β01 (z−z1)(evε,0(z−z1) − vε,0(z− z1)− 1)
+ ρ2eγuε,τ01 ,β01 (z−z1)(eγ vε,0(z−z1) − 1)
+ ρ2Vres,0(z− z1)vε,0(z− z1).
We turn to estimate∣∣ρ2euε,τ01 ,β01 (z−z1)(evε,0(z−z1) − vε,0(z− z1)− 1)∣∣
6 cρ2e
u
ε,τ01 ,β
0
1
(z−z1)
v2ε,0(z− z1).
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Also we have,
∣∣ρ2eγuε,τ01 ,β01 (z−z1)(eγ vε,0(z−z1) − 1)∣∣6 cρ2eγuε,τ01 ,β01 (z−z1)∣∣vε,0(z− z1)∣∣.
Outside B1(z1) we have simply
ξ =1χ(· − z1)vε,0(· − z1)+ 2∇χ(· − z1) · ∇(vε,0(· − z1))
− ρ2χ(· − z1)(euε,τ01 (·−z1)vε,0(· − z1)+ eγuε,τ01 β01 (·−z1))
+ ρ2 exp(u˜ε(0,0, ·))+ ρ2 exp(γ u˜ε(0,0, ·)).
Therefore, we get by (18)
|ξ |6 cε4(1−γ )−δ in Ω \B1(z1).
In B1(z1) \B2r0(z1),
ξ =−ρ2(euε,τ01 (·−z1)vε,0(· − z1)+ eγuε,τ01 ,β01 (·−z1))+ ρ2 exp(u˜ε(0,0, ·))
+ ρ2 exp(γ u˜ε(0,0, ·)).
Then we get, for z ∈ B1(z1) \B2r0(z1)
|ξ0|6 cε2|z− z1|−4, |ξ1|6 cε2,
and ∣∣∣∣ ∑
|n|>2
ξn · einθ
∣∣∣∣6 cε2|z− z1|−2.
Now, we take advantage from the fact that we have already derived the
expansion
uε,τ1,β01
(z)=−2 log τ1 − 4 log |z| + 2β¯01 · z2+O
(
ε2|z|−2 + |z|4)⊥1,
where O(ε2|z|−2 + |z|4)⊥1 means that this quantity does not contain any
term like h(|z− z1|)(z− z1) nor like h(|z− z1|)(z¯− z¯1). In the same way
we have
G(z, z1)=−4 log |z− z1| − 2 log τ 01 + 2(z¯− z¯1)2 ·β01 +O
(|z− z1|3)⊥0,1.
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In the last expansion, O(|z− z1|3)⊥0,1 means that this quantity does not
contain any term of the form h(|z− z1|) nor any term like h(|z− z1|)(z−
z1) nor like h(|z− z1|)(z¯− z¯j ). Finally, in B2r0(z1) \Br0(z1), we write
ξ(z)=1(χ((z− z1)/r0))(uε,τ 01 ,β01 (z− z1)−G(z, z1))
+ 2∇(χ((z− z1)/r0)) · ∇(uε,τ 01 β01 (z− z1)−G(z, z1))
+ ρ2(eu˜ε(0,0,z)− χ((z− z1)/r0)euε,τ01 ,β01 (z−z1))
+ ρ2eγ u˜ε(0,0,z)+1vε,0(z− z1).
Using the expansion of both uε,τ 01 ,β01 (·), G(·, z1) and Proposition 3, we
get, in B2r0(z1) \Br0(z1), the estimates
|ξ0|6 cε2r−40 , |ξ1|6 cε2
and ∣∣∣∣∑
|n|>2
ξn · einθ
∣∣∣∣6 cε2r−40 .
We shall now estimate the preimage of ξ by Lε. This is achieved
by following step by step the construction proposed in the proof of
Lemma 4 in [3]. We shall only sckech the differences between the two
proofs. First of all, applying the results of Proposition 2, we can find
w1 ∈ C2,αν (B1(z1) \ {z1}), h10 ∈R and h11 ∈C solutions ofLε,τ 01w1 = ξ in B1(z1),w1 = h10 + 2h11 · eiθ on ∂B1(z1).(22)
Actually, we know that
w1(z)=Gε,τ 01
(
ξ 1
)
, where ξ 1(z)≡ ξ|B1(z1)(z+ z1).
We decompose
ξ 1(z)= ξ 10
(|z− z1|)+ 2 ∞∑
n=1
ξ 1n
(|z− z1|) · e−inθ .
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Using the estimates we have previously derived for ξ 10 and Proposition 1,
we get∣∣h10∣∣6 c(ε8(1−γ )−2δ + ε2r−20 log 1/ε+ ε4(1−γ )−δ)6 cε4(1−γ )−δ.
Moreover, we have∣∣∂rGε,τ 01 (ξ 10 )(z)∣∣6 cε4(1−γ )−δ for |z| = 1.
Similarly, using the estimates we have previously derived for ξ 11 , we get∣∣h11∣∣6 c(ε2 + ε4(1−γ )−δ)6 cε4(1−γ )−δ.
Moreover, we have∣∣∂rGε,τ 01 (ξ 11 )(z)∣∣6 cε4(1−γ )−δ for |z| = 1.
Finally, if ξ˜ 1 denotes the projection of ξ 1 over the space of functions
spanned by {hn(|z− z1|)einθ/|n|> 2}, we have∥∥ξ˜ 1∥∥0,α,µ−2 6 c(µ)(ε2r−2−µ0 + ε8(1−γ )−2δ−µ+ ε4(1−γ )−δ)
for all µ ∈ (−2,2).
So, ∥∥Gε,τ 01 (ξ˜ 1)∥∥2,α,µ 6 c(µ)(ε2r−2−µ0 + ε8(1−γ )−2δ−µ+ ε4(1−γ )−δ)
for all µ ∈ (−2,2).
In particular, we get∥∥∂r1Gε,τ 01 (ξ˜ 1)|∂B1∥∥1,α 6 c(µ)(ε2r−2−µ0 + ε4(1−γ )−δ).
Collecting the previous estimates we already obtain∥∥Gε,τ 01 (ξ 1)∥∥2,α,ν 6 c(µ)(ε8(1−γ )−2δ−ν + ε2r−2−ν0 + ε4(1−γ )−δ)
6
 cε
2r−2−ν0 if 3/46 γ < 31/40,
cε8(1−γ )−2δ−ν if 31/406 γ < 7/8
and ∥∥∂r1Gε,τ 01 (ξ 1)|∂B1∥∥1,α 6 c(µ)(ε2r−2−µ0 + ε4(1−γ )−δ).
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At this stage we can apply the result of Corollary 1, to get
∥∥Gε,τ 01 ,β01 (ξ 1)∥∥2,α,ν 6
 cε
2r−2−ν0 if 3/46 γ < 31/40,
cε8(1−γ )−2δ−ν if 31/406 γ < 7/8,
∣∣H 0
ε,τ 01 ,β
0
1
(
ξ 1
)∣∣+ ∣∣H 1
ε,τ 01 ,β
0
1
(
ξ 1
)∣∣6 cε4(1−γ )−δ
and also, by a choice of µ close enough but larger than −2, we have∥∥∂r1Gε,τ 01 ,β01 (ξ 1)|∂B1∥∥1,α 6 cε4(1−γ )−δ.
The proof is achieved by following the construction proposed in the proof
of Theorem 4 in [3], and the estimates of this lemma follow. 2
Before we proceed further with the nonlinear problem, we have to
estimate some important quantities. As was already mentioned, the linear
operator Lε is not the linearization of the nonlinear operator near the
approximate solution. So, we will have to apply some perturbation
argument which will allow us to prove some result similar to Theorem 5
for the linearized operator.
Even though we will be able to prove such a result, this will not be
sufficient for our purpose. More precisely, we will be able to define some
space
E2,αν ≡ C2,αν,D(Ω \Σ)⊕ χ(z− z1)
× Span{∂τuε,τ 01 ,β01 (· − z1), ∂zuε,τ 01 β01 (· − z1), ∂z¯uε,τ 01 β01 (· − z1)}
over which the linearized operator is surjective. Unfortunately, when we
want to solve the nonlinear problem, namely find a solution of (2) of
the form u˜ε(0,0, ·) + w where w belongs to E2,αν , it turns out that the
nonlinearity eu is to strong to ensure all the properties required to apply
some fixed point argument. This is the reason why, we are going to
modify the above space in such a way that it is then more adapted to
the nonlinearities of our problem.
In the space E2,αν the norm of
w(z)= v(z)+ χ(z− z1)(τ1∂τuε,τ 01 β01 (· − z1)+ 2a1 · ∂z¯uε,τ 01 β01 (· − z1)),
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is defined by
‖w‖E = ‖v‖2,α,ν + |τ1|R + |a1|C.
The result of Theorem 4 reads: the operator Lε is an isomorphism
between E2,αν and C0,αν−2(Ω \ {z1}). We now define
E˜2,αν ≡ C2,αν,D
(
Ω \ {z1})
⊕ Span{∂τ1 u¯ε(0,0, z)}⊕ Span{∂a1u¯ε(0,0, z), ∂a1u¯ε(0,0, z)},
where u¯ε(0,0, ·) is given by (10). Let
w(z)= v(z)+ τ1∂τ1 u¯ε(0,0, z)+ 2a1 · ∂a¯1u¯ε(0,0, z) ∈ E˜2,αν ,
the norm of w in E˜2,αν is defined by
‖w‖E˜ = rν0‖v‖2,α,ν + |τ1|R + |a1|C.
Finally, we define
Λε =1+ ρ2 exp(u¯ε(0,0, ·)),
the linearized operator near u¯ε(0,0, ·). We have the proposition:
PROPOSITION 5 ([3]). – Assume that 1 < ν < 2 and τ 01 ∈ R+∗ are
given. There exists ε0 > 0 and c > 0 such that, for all ε < ε0 and for
all f ∈ C0,αν−2(Ω \ {z1}), there exists a unique w ∈ E˜2,αΛεw= f in Ω,w= 0 on ∂Ω
and
‖w‖E˜ 6 c‖f ‖0,α,ν−2.
In addition, if w(z) = v(z) + τ1∂τ1 u¯ε(0,0, z) + 2a1∂a¯1 · u¯ε(0,0, z) then
the following sharper estimates hold
‖v‖2,α,ν 6 c(∥∥Gε(f )∥∥2,α,ν + r−ν0 ∣∣H0ε(f )∣∣+ r1−ν0 ∣∣H1ε(f )∣∣),
|τ1|6 c(ε2∥∥Gε(f )∥∥2,α,ν + ∣∣H0ε(f )∣∣+ ε2r−ν0 ∣∣H1ε(f )∣∣)
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and
|a1|6 c(ε2∥∥Gε(f )∥∥2,α,ν + ε2r1−ν0 ∣∣H0ε(f )∣∣+ ∣∣H1ε(f )∣∣).
As a corollary of the previous results we get
COROLLARY 2. – There exists ε0 > 0 and q > 0 such that, for all
ε6 ε0, the unique solution of
Λεw0 =1u˜ε(0,0, ·)+ ρ2(exp(u˜ε(0,0, ·))
+ exp(γ u˜ε(0,0, ·))) in Ω,
w0 = 0 on ∂Ω,
which belongs to E˜2,αν satisfies
‖w0‖E˜ 6
 qε
4(1−γ )−δ if 3/46 γ < 17/20,
qε8(1−γ )−2δr−3ν/20 if 17/206 γ < 7/8.
7. The nonlinear fixed point argument
We are now in a position to define some nonlinear mapping which will
be used to solve (2). Let us denote by Fk,αν the space Ck,αν (Ω \ {z1})×
R×C endowed with the norm∥∥(w, τ1, a1)∥∥Fk,αν = rν0‖w‖2,α,ν + |τ1|R + |a1|C.
For all a1 ∈ C such that |a1|C 6 1/2, we define a diffeomorphism
Ξa1 :Ω→Ω depending smoothly on a1, satisfying Ξ0 = Id and
∀z ∈ B1(z1), Ξa(z)= z− a1.
We may also assume that there exists some constant c > 0 such that all
partial derivatives with respect to a1, a¯1, z and z¯ up to order 4 are bounded
in Ω .
The existence problem can be stated as follows: Find (w, τ1, a1) ∈
F1,αν , small in a suitable sense, and solution of
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N (w, τ1, a1)=1(u˜ε(τ1, a1, ·)+w ◦Ξa1)
◦Ξ−1a1 + ρ2
(
eu˜ε(τ1,a1,·)◦Ξ
−1
a1 +w + eγ (u˜ε(τ1,a1,·)◦Ξ−1a1 +w))= 0(23)
in Ω , with w= 0 on ∂Ω . Denote by
M(w, τ1, a1)=1(u¯ε(τ1, a1, ·)+w ◦Ξa1) ◦Ξ−1a1 + ρ2eu¯ε(τ1,a1,·)◦Ξ−1a1 +w.
The semilinear elliptic equation (23) can also be written as
N (w, τ1, a1)=N (0,0,0)+DN|(0,0,0)(w, τ1, a1)
+ [N (w, τ1, a1)−DN (0, τ1, a1)w−N (0, τ1, a1)]
+ [(DN|(0,τ1,a1) −DN|(0,0,0))(w,0,0)]
+ [N (0, τ1, a1)−N (0,0,0)−DN|(0,0,0)(0, τ1, a1)].
What we have proven in Proposition 5, can be restated as:
LEMMA 2. – The linear mapping
DN|(0,0,0) :F2,αν → C0,αν−2
(
Ω \ {z1})
is an isomorphism. In addition, if
Λ−1ε (f )=w0 +
(
τ0,1∂τ1 u¯ε(0,0, ·)+ 2a0,1 · ∂a¯1 u¯ε(0,0, ·)
) ∈ E˜2,αν ,
then
rν0‖w‖2,α,ν 6 c
(
rν0 ‖w0‖2,α,ν + ε8(1−γ )−3δ−ν|τ0,1|R + r2−ν0 |a0,1|C
)
,
|τ1|R 6 c(ε4(1−γ )−δr−ν0 (rν0‖w0‖2,α,ν)+ |τ0,1|R + r2−ν0 |a0,1|C)
and
|a1|C 6 c(ε4(1−γ )−δr−ν0 (rν0‖w0‖2,α,ν)+ ε8(1−γ )−3δ−ν|τ0,1|R + |a0,1|C).
Remark 2. – It is important to see that ε4(1−γ )−δr−ν0 tends to 0 as ε
tends to 0, since 3/46 γ < 7/8.
Proof. – In order to prove this claim it suffices to notice that
−DN|(0,0,0)(w, τ1, a1)=−DM|(0,0,0)(w, τ1, a1)−DR|(0,0,0)(w, τ1, a1)
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where
R(w, τ1, a1)= (1v˜ε(τ1, a1, ·)) ◦Ξ−1a1
+ ρ2eu¯ε(τ1,a1,·)◦Ξ−1a1 +w(ev˜ε(τ1,a1,·)◦Ξ−1a1 − 1)
+ ρ2eγ (u˜ε(τ1,a1,·)◦Ξ−1a1 +w).
By [3], DM|(0,0,0) :F2,αν → C0,αν−2(Ω \Σ) is an isomorphism. Note that
R(w, τ1, a1) does not depend on a1 in Br0(z1). Next, we will estimate‖DR|(0,0,0)(w, τ1, a1)‖0,α,ν−2. In Br0(z1),
−DR|(0,0,0)(w, τ1, a1)
= ρ2[euε,τ01 ,β01 (·−z1)(evε,0(·−z1) − 1)+ γ eγuε,τ01 ,β01 (·−z1)+γ vε,0(·−z1)]w
+ρ2τ1[∂τ1uε,τ 01 ,β01 (· − z1)(evε,0(·−z1) − vε,0(· − z1)− 1)
+ ∂τ1vε,0(· − z1)
(
evε,0(·−z1) − 1)]euε,τ01 ,β01 (·−z1)
+γρ2τ1[∂τ1uε,τ 01 ,β01 (· − z1)(evε,0(·−z1) − 1)
+ ∂τ1vε,0(· − z1)eγ vε,0(·−z1)
]
e
γu
ε,τ01 ,β
0
1
(·−z1)
+ρ2τ1[∂τ1uε,τ 01 ,β01 (· − z1)euε,τ01 ,β01 (·−z1)
− ∂τ1uε,τ 01 (· − z1)e
u
ε,τ01
(·−z1)]
vε,0(· − z1)
+ρ2Vres,0(· − z1)∂τ1vε,0(· − z1).
Then
r2−ν
∣∣DR|(0,0,0)(w, τ1, a1)∣∣6 c(ε4(1−γ )−δ‖w‖2,α,ν + ε8(1−γ )−3δ−ν|τ1|R).
In B1(z1) \Br0(z1), we have
−DR|(0,0,0)(w, τ1, a1)= ρ2[eu¯ε(0,0,·)(evε,0(·−z1) − 1)
+γ eγ u˜ε(0,0,·)](w+ 2a1 · ∂a¯1u˜ε(0,0, ·))
+ρ2τ1∂τ1uε,τ 01 ,β01 (· − z1)
[
χ
(
(· − z1)/r0)eu¯ε(0,0,·)(evε,0(·−z1) − 1)]
+γρ2τ1∂τ1uε,τ 01 ,β01 (· − z1)
(
χ
(
(· − z1)/r0)eγ u˜ε(0,0,·)− eγuε,τ01 ,β01 (·−z1))
+ρ2τ1∂τ1vε,0(· − z1)
(
eu¯ε(0,0,·)
(
evε,0(·−z1) − 1)− euε,τ01 (·−z1))
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+γρ2τ1∂τ1vε,0(· − z1)eγ u˜ε(0,0,·)
−ρ2τ1∂τ1uε,τ 01 (· − z1)e
u
ε,τ01
(·−z1)
vε,0(· − z1).
Then
r2−ν
∣∣DR|(0,0,0)(w, τ1, a1)∣∣
6 c
(
ε2r
2−4γ−2δ
0 ‖w‖2,α,ν + ε2+4(1−γ )−δr−2−ν0 |τ1|R
+ ε2r1−4γ−δ−ν0 |a1|C
)
.
Finally, outside B1(z1) we have
r2−ν
∣∣DR|(0,0,0)(w, τ1, a1)∣∣
6 c
(
ε2+4(1−γ )‖w‖2,α,ν + ε4(1−γ )−δ|τ1|R + ε4(1−γ )−2δ|a1|C).
We prove that∥∥DR|(0,0,0)(w, τ1, a1)∥∥0,α,ν−2
6 c
(
ε4(1−γ )‖w‖2,α,ν + ε8(1−γ )−3δ−ν|τ1|R + ε4(1−γ )−δ|a1|C).
The lemma follows from a simple perturbation argument. 2
We define
f0=N (0,0,0)
=1u˜ε(0,0, ·)+ ρ2(exp(u˜ε(0,0, ·))+ exp(γ u˜ε(0,0, ·))).
We know from Corollary 1 that there exists some constant q > 0
independent of ε such that∥∥DN−1|(0,0,0)(N (0,0,0))∥∥F2,αν
6

qε4(1−γ )−δ if 3/46 γ < 17/20,
qε8(1−γ )−2δr−3ν/20 if 17/206 γ < 7/8.
From now on, we will assume that for i = 1,2, (wi, τ i1, ai1) ∈ F2,αν and
that
∥∥(wi, τ i1, ai1)∥∥F2 6

2qε4(1−γ )−δ if 3/46 γ < 17/20,
2qε8(1−γ )−2δr−3ν/20 if 17/206 γ < 7/8.
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Remark 3. – It is important to notice that, with our definition of the
approximate solution, the quantity ρ2 exp(u¯ε(τ1, a1, ·) ◦ Ξ−1a1 ) does not
depend on a1 in Br0(z1) and ρ2 exp(v˜ε(τ1, a1, ·) ◦Ξ−1a1 ) does not depend
on a1 in B1(z1). Moreover, if z ∈ B1(z1) \ Br0(z1) then we have for all
γ ∈ [0,1], ∣∣∂a¯1ρ2 exp(γ u˜ε(τ1, a1, ·) ◦Ξ−1a1 )∣∣6 cε2|z− z1|−4γ .
The proof of Theorem 2 proceeds with the following estimates:
Step 1. – Next we define
f1(w, τ1, a1)=N (w, τ1, a1)−DN (0, τ1, a1)w−N (0, τ1, a1)
= ρ2 exp(u˜ε(τ1, a1, ·) ◦Ξ−1a1 )(ew −w− 1)
+ ρ2 exp(γ u˜ε(τ1, a1, ·) ◦Ξ−1a1 )(eγw − γw− 1).
Using Remark 3, we get for 3/46 γ < 17/20∥∥f1(w21, τ 21 , a21)− f1(w21, τ 21 , a21)∥∥0,α,ν−2
6 c(ν, q)
(
ε4(1−γ )−δrν/20
(
rν0‖w2 −w1‖2,α,ν
)
+ ε8(1−γ )−2δrν/20
∣∣τ 21 − τ 11 ∣∣R + ε8(1−γ )−2δr2−ν0 ∣∣a21 − a11 ∣∣C),
and for 17/206 γ < 7/8, we have∥∥f1(w21, τ 21 , a21)− f1(w21, τ 21 , a21)∥∥0,α,ν−2
6 c(ν, q)
(
ε8(1−γ )−2δr−ν0
(
rν0 ‖w2 −w1‖2,α,ν
)
+ ε16(1−γ )−4δ−ν∣∣τ 21 − τ 11 ∣∣R + ε16(1−γ )−4δ−2νr2+ν0 ∣∣a21 − a11 ∣∣C).
Step 2. – We define
f2(w, τ1, a1)= (DN|(0,τ1,a1) −DN|(0,0,0))(w,0,0)
=1(w ◦Ξa1) ◦Ξ−1a1 −1w+ ρ2
(
exp
(
u˜ε(τ1, a1, ·) ◦Ξ−1a1
)
− exp(u˜ε(0,0, ·)))w+ γρ2( exp(γ u˜ε(τ1, a1, ·) ◦Ξ−1a1 )
− exp(γ u˜ε(0,0, ·)))w
and also
f 12 (w, τ1, a1)=1(w ◦Ξa1) ◦Ξ−1a1 −1w,
f 22 (w, τ1, a1)= ρ2
(
exp
(
u˜ε(τ1, a1, ·) ◦Ξ−1a1
)− exp(u˜ε(0,0, ·)))w
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+γρ2( exp(γ u˜ε(τ1, a1, ·) ◦Ξ−1a1 )− exp(γ u˜ε(0,0, ·)))w.
Since Ξa1 is just a translation in B1(z1), we have f 12 (w, a1) = 0 there.
Therefore, it is easy to get for 3/46 γ < 31/40∥∥f 12 (w21, a21)− f 12 (w11, a11)∥∥0,α,ν−2
6 cε4(1−γ )−δr−ν0
(
rν0‖w2 −w1‖2,α,ν +
∣∣a21 − a11 ∣∣CK ),
and for 17/206 γ < 7/8∥∥f 12 (w21, a21)− f 12 (w11, a11)∥∥0,α,ν−2
6 cε8(1−γ )−2δ−ν
(
rν0‖w2 −w1‖2,α,ν +
∣∣a21 − a11 ∣∣CK ).
In addition, using Remark 3, we obtain the estimate for 3/4 6 γ <
17/20∥∥f 22 (w21, τ 21 , a21)− f 22 (w11, τ 11 , a11)∥∥0,α,ν−2
6 cε4(1−γ )−δr−ν0
(
rν0‖w2 −w1‖2,α,ν +
∣∣τ 21 − τ 11 ∣∣R + r20 ∣∣a21 − a11 ∣∣C),
and for 17/206 γ < 7/8, we have∥∥f 22 (w21, τ 21 , a21)− f 22 (w11, τ 11 , a11)∥∥0,α,ν−2
6 cε8(1−γ )−2δ−ν
(
rν0‖w2 −w1‖2,α,ν +
∣∣τ 21 − τ 11 ∣∣R + r20 ∣∣a21 − a11 ∣∣C),
Step 3. – We finally set
f3(τ1, a1)=N (0, τ1, a1)−N (0,0,0)−DN|(0,0,0)(0, τ1, a1).
In Br0(z1),
f3(τ1, a1)= ρ2[euε,τ1+τ01 ,β01 (·−z1)(evε,τ1 (·−z1) − vε,τ1(· − z1)− 1)
+ eγuε,τ1+τ01 ,β01 (·−z1)(eγ vε,τ1 (·−z1) − 1)]
−ρ2[euε,τ01 ,β01 (·−z1)(evε,0(·−z1) − vε,0(· − z1)− 1)
+ eγuε,τ01 ,β01 (·−z1)(eγ vε,0(·−z1) − 1)]
−ρ2τ1∂τ1uε,τ 01 ,β01 (· − z1)e
u
ε,τ01 ,β
0
1
(·−z1)(
evε,0(·−z1) − vε,0(· − z1)− 1)
+ρ2τ1∂τ1vε,0(· − z1)e
u
ε,τ01 ,β
0
1
(·−z1)(
evε,0(·−z1) − 1)
−γρ2τ1∂τ1uε,τ 01 ,β01 (· − z1)e
γu
ε,τ01 ,β
0
1
(·−z1)(
eγ vε,0(·−z1) − 1)
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−γ ∂τ1vε,0(· − z1)e
γu
ε,τ01 ,β
0
1
(·−z1)+γ vε,0(·−z1)
+ρ2[euε,τ1+τ01 ,β01 (·−z1) − euε,τ1+τ01 (·−z1)]vε,τ1(· − z1)
−ρ2[euε,τ01 ,β01 (·−z1) − euε,τ01 (·−z1)]vε,0(· − z1)
−ρ2τ1[∂τ1uε,τ 01 ,β01 (· − z1)euε,τ01 ,β01 (·−z1)
− ∂τ1uε,τ 01 (· − z1)e
u
ε,τ01
(·−z1)]
vε,0(· − z1)
−ρ2τ1[euε,τ01 ,β01 (·−z1) − euε,τ01 (·−z1)]∂τ1vε,0(· − z1).
Then, if 3/46 γ < 17/20, we have
r2−ν
∣∣f3(τ 21 , a21)− f3(τ 11 , a11)∣∣6 c(q)ε12(1−γ )−4δ−ν∣∣τ 21 − τ 11 ∣∣R,
and for 17/206 γ < 7/8, we have
r2−ν
∣∣f3(τ 21 , a21)− f3(τ 11 , a11)∣∣6 c(q)ε16(1−γ )−5δr−4ν0 ∣∣τ 21 − τ 11 ∣∣R.
In B1(z1) \B2r0(z1) region
N (0, τ1, a1)(z)
=−ρ2[euε,τ1+τ01 vε,τ1(z− z1)+ eγuε,τ1+τ01 ,β01 (z− z1)]
+ρ2(eG(z+a1,z1+a1)+vε,τ1 (z−z1) + eγG(z+a1,z1+a1)+γ vε,τ1 (z−z1)).
Granted this and Remark 1, we easily get for 3/4 6 γ < 17/20 and all
z ∈ B1(z1) \B2r0(z1)∣∣f3(τ 21 , a21)− f3(τ 11 , a11)∣∣
6 c(q)ε2+4(1−γ )−δ|z− z1|−4(∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C)
and ∣∣∇f3(τ 21 , a21)−∇f3(τ 11 , a11)∣∣
6 c(q)ε2+4(1−γ )−δ|z− z1|−5(∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C).
In the same way we have for 17/20 6 γ < 7/8 and all z ∈ B1(z1) \
B2r0(z1)∣∣f3(τ 21 , a21)− f3(τ 11 , a11)∣∣
6 c(q)ε2+8(1−γ )−2δr−3ν/20 |z− z1|−4
(∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C)
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and ∣∣∇f3(τ 21 , a21)−∇f3(τ 11 , a11)∣∣
6 c(q)ε2+8(1−γ )−2δr−3ν/20 |z− z1|−5
(∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C).
In Ω \B1(z1) we have
u˜ε(τ1, a1, z)
= (G(z, z1 + a1)+ χ(z− z1 − a1)vε,τ1(z− z1 − a1)) ◦Ξ−1a1 .
Thus, in this region
N (0, τ1, a1)(z)= [1χ(z− z1 − a1)vε,τ1(z− z1 − a1)] ◦Ξ−1a1
+ [∇χ(z− z1 − a1) · ∇vε,τ1(z− z1 − a1)] ◦Ξ−1a1
− ρ2χ(z− z1 − a1)[euε,τ1+τ01 vε,τ1(z− z1 − a1)
+ eγuε,τ1+τ01 ,β01 (z−z1−a1)] ◦Ξ−1a1
+ ρ2e(G(z,z1+a1)+χ(z−z1−a1)vε,τ1 (z−z1−a1))◦Ξ−1a1
+ ρ2eγ (G(z,z1+a1)+χ(z−z1−a1)vε,τ1 (z−z1−a1))◦Ξ−1a1 .
Then we have for 3/46 γ < 17/20 and all z ∈Ω \B1(z1)∣∣f3(τ 21 , a21)− f3(τ 11 , a11)∣∣6 c(q)ε8(1−γ )−δ(∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C)
and∣∣∇f3(τ 21 , a21)−∇f3(τ 11 , a11)∣∣6 c(q)ε8(1−γ )−δ(∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C).
In the same way we have for 17/206 γ < 7/8 and all z ∈Ω \B1(z1)∣∣f3(τ 21 , a21)− f3(τ 11 , a11)∣∣
6 c(q)ε12(1−γ )−δr−3ν/20
(∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C)
and ∣∣∇f3(τ 21 , a21)−∇f3(τ 11 , a11)∣∣
6 c(q)ε12(1−γ )−δr−3ν/20
(∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C).
It remains to estimate f3 in B2r0(z1) \Br0(z1). To this aim, we notice that
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u˜ε(τ1, a1, z)= χ((z− z1 − a1)/r0)uε,τ 01+τ1,β01 (z− z1 − a1)
+ χ(z− z1 − a1)vε,τ1(z− z1 − a1)
+ (1− χ((z− z1 − a1)/r0)G(z, z1 + a1)),
and since Ξa1(z)= z− a1 if z ∈ B1(z1), we can write
N (0, τ1, a1)(z)
=1[χ((z− z1)/r0)](uε,τ 01+τ1,β01 (z− z1)−G(z+ a1, z1+ a1))
+2∇[χ((z− z1)/r0)]∇[uε,τ 01+τ1,β01 (z− z1)−G(z+ a1, zk + a1)]
−ρ2χ((z− z1)/r0)euε,τ01+τ1,β01 (z−z1)
−ρ2vε,τ1(z− z1)e
u
ε,τ01+τ1 − ρ2eγuε,τ01+τ1,β01 (z−z1)
+ρ2 exp(χ((z− z1)/r0)uε,τ 01+τ1,β01 (z− z1)
+vε,τ1(z− z1)+
(
1− χ((z− z1)/r0))(G(z+ a1, z1+ a1))
+ρ2 exp(γ χ((z− z1)/r0)uε,τ 01+τ1,β01 (z− z1)
+γ vε,τ1(z− z1)+
(
1− χ((z− z1)/r0))γ (G(z+ a1, z1 + a1)).
Using this formula and the expansion of the proof of Proposition 3, it is
easy to get for all z ∈ B2r0(z1) \Br0(z1) and 3/46 γ < 17/20,∣∣f3(τ 21 , a21)− f3(τ 11 , a11)∣∣6 c(q)ε4(1−γ )−δr−20 (∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C)
and ∣∣∇f3(τ 21 , a21)−∇f3(τ 11 , a11)∣∣
6 c(q)ε4(1−γ )−δr−30
(∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C).
In the same way, we prove that if 17/206 γ < 7/8∣∣f3(τ 21 , a21)− f3(τ 11 , a11)∣∣
6 c(q)ε8(1−γ )−2δr−2−3ν/20
(∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C)
and ∣∣∇f3(τ 21 , a21)−∇f3(τ 11 , a11)∣∣
6 c(q)ε8(1−γ )−2δr−3−3ν/20
(∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C).
From which it follows that if 3/46 γ < 17/20, we have
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∥∥f3(τ 21 , a21)− f3(τ 11 , a11)∥∥0,α,ν−2
6 c(ν, q)ε4(1−γ )−δr−ν0
(∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C)
and for 17/206 γ < 7/8, we have∥∥f3(τ 21 , a21)− f3(τ 11 , a11)∥∥0,α,ν−2
6 c(ν, q)ε8(1−γ )−ν
(∣∣τ 21 − τ 11 ∣∣R + ∣∣a21 − a11 ∣∣C).
The nonlinear operator Kε we will deal with is just defined by
Kε(w, τ1, a1)
=−DN−1(0,0,0)
(
f0 + f1(w, τ1, a1)+ f2(w, τ1, a1)+ f3(τ1, a1)).
Using the result of Lemma 4 and the estimates of the 3 steps, we can
summarize what we have proven as: There exists ε0 > 0 such that Kε is
well defined and a contraction from the ball of radius 2qε4(1−γ )−δ (resp.
2qε8(1−γ )−2δr−3ν/20 ) in (F2,αν ,
∥∥ ·∥∥) into itself, if 3/4 6 γ < 17/20 (resp.
17/206 γ < 7/8) and ε 6 ε0. The end of the proof of Theorem 2 follows
from the application of the contraction mapping fixed point theorem. 2
8. Appendix
If we want to study the problem−1u = ρ
2(eu + heγu) in Ω ⊂C,
u = 0 on ∂Ω,
(24)
with many blow up points, we obtain the same result as in Theorem
2. Next we will give the difference between the proofs. Assume that
(z1, . . . , zK) ∈CK is a critical point of Ψ . For all j = 1, . . . ,K , we define
τ 0j ∈ R by
−2 log τ 0j =H(zj , zj)+
∑
k 6=j
G(zj , zk)(25)
and β0j ∈C by
β0j =
1
2
∂2z
(
H(zj, zj )+
∑
k 6=j
G(zj , zk)
)
.(26)
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Let τ˜ = (τ1, . . . , τK) ∈ (R+∗ )K and a˜ = (a1, . . . , aK) ∈ CK . In every
B2(zj ), our approximate solution is defined by
u˜ε(τ˜ , a˜, z)≡ χ((z− zj − aj )/r0)uε,τj+τ 0j ,β0j (z− zj − aj )
+ χ(z− zj − aj )vjε,τj (z− zj − aj )
+
(
1− χ
(
z− zj − aj
r0
)) K∑
k=1
G(z, zk + ak),
where the family of functions vjε,τj , j = 1, . . . ,K , are a solutions of
1vjε,τj + ρ2e
u
ε,τj+τ0j vjε,τj
=−ρ2 h(zj)
5i 6=j |zi − zj |4γ e
γ u
ε,τj+τ0j ,β
0
j = fj in B2(0),
vjε,τj = 0 on ∂B2(0).
(27)
Outside every B2(zj ), i.e., inΩ \⋃Kk=1B2(zk), we define the approximate
solution by
u˜ε(τ˜ , a˜, z)≡
K∑
k=1
G(z, zk + ak).
In the proof of Proposition 3 when we estimate
∣∣1u˜ε(0,0, ·)+ ρ2(eu˜ε(0,0,·)+ heγ u˜ε(0,0,·))∣∣,
we will have to estimate the following expansion in every Br0(zj )
ρ2
5i 6=j |zi − zj |4γ
(
h(zj)− h(z)eγ v
j
ε,0(z−zj ))eγuε,τ0j ,β0j (z−zj ) = (I)+ (II),
where
(I)= ρ2 h(zj)
5i 6=j |zi − zj |4γ
(
1− eγ vjε,0(z−zj ))eγuε,τ0j ,β0j (z−zj )
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and
(II)= ρ
2
5i 6=j |zi − zj |4γ O
(|z− zj |2)eγ vjε,0(z−zj )eγ uε,τ0j ,β0j (z−zj ),
since zj is a critical point of h. Then we have,
|(I)|6 cρ2∣∣vjε,0(z− zj )∣∣eγuε,τ0j ,β0j (z−zj )
and
|(II)|6 cρ2|z− zj |2e
γu
ε,τ0
j
,β0
j
(z−zj )
.
We end the proof as in the case where h≡ 1.
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